Trouvez les ACF du processus suivant : y, = ¢y, | +¢, +0,¢,, avec ¢ ~ iid.(0,07)

Yo = cov(y,,y, ) = var(y,) =7

First to obtain the v, = var(y, ) we need to use the following formula:
Yo = var(yt ) = E(yt Yy ) - E(yt )E(yf ) = E(y?) - E(yt )E(yt )

If the process is stationary
( )= o) (yt 1)+E( )+9E( )

1, 1, R 0

So

Since there is no constant in this model, the mean of the process is 0. Also notice that if this process is
stationary it admits an MA(?) representation with no constant, and in that case E(y, ) = E(MA(?)) =

Thus

Y = varly, ) = Bly,y,) — By, ) EQy, ) = By, ;)

To calculate v, = var(y, ) = E(y,y, ) let us take the process y, = ¢y, , + ¢, + 0,¢,_, and pre-multiply it

by y, and then take the expectation
Yy = O Y T uE H0yE
Taking the expectation
Y, = var(y, ) = E(yy, ) = ¢, E(y,y,_,) + E(y,e,) + 0, E(y,5,_,)
—_—
n (")

with
Blye,) = Be,) = Boy, +5 +0, 1) = 6, Bly_e, )+ Ble,5,) +6, Ble,_5,) = o
0 0'? 0
and
E(ye,_,) = El(@y,_ +& +06_1)e.,]=¢ E[yt—lgt—ll + Ele, 5t—1] + 0, E[Et—lgt—1] = ¢ 0l + 0,07
o2 fron; the 0 r;Q
above equation ‘

lagged once

Plugging all this into (*)
Yo = var(y, ) = E(y,y, ) = ¢, %Vyt;l) +E(ye, ) + 0, E(ye,_,) = dv + 02 +0,(¢,02 +6,02) **)

"N



Now for By, 1)

We multiply % = @ %1t & T 0& 1 by Yot which gives us
Yoy = DYy T YaE T O Y8

Then we take expectations

Y = Ey_wy,)=¢ E(y,_1y_,) + E(y,_g,) + 0, E(y,_e,_) = 7, +0, U?
Y Y / Y / YQ

N Yo 0 O¢

(***)
Plugging this into (**)

We get
Yo = 4N "“73 + 6, (¢1‘7? +91‘73> = ¢, (17 +9102)+‘7? + 6, (¢1‘752 "‘91‘7?)

And thus we get

Yo _(/51270 = ¢1910§ +U? + 6, (¢1U§ ""910?)

N = ¢191‘7§ "“73 + 6, (¢1‘7§ "‘91‘7?) _ 02[¢191 +1+6,(¢ +6,) _ 02[¢191 +1+06,9 +912
0 - Ye - Ye
1— ¢} 1—¢; 1— ¢
_ o|1+20,¢ +067
,yO - 08 2
1-— ¢1

We already found out T given by equation (***)
Then for j=2
Yo = By, 5y, ) = & E(y,_oy, 1) + E(y,_0e,) + 0, E(y,_o6,1) = &y

Y Y 4 Y 4 Y

M " 0 0
We can see that for "7 = 2 we have a recurrence suchthat 77 — @1 7-1 = & ™"

So we have the following system of equations:
1420, ¢, + 07
1—¢f

Yo =AM "“73 +91(¢1‘752 "‘91‘7?) = o’

€

Y = By, 1y,) =& + 0 Ug
—_—

N

Vi = ¢1 Vi1 = 1]'_171 Vj>2



Now for the ACF we have:

5
Yo
1+ 26 6?
2 10-3 i 1¢12+ : +010-3
7_1_(/5170 + 0,0 1—¢;
| = — —
Yo Yo 52 14260, ¢, +6;
€ 1_¢12

& +20,67 + 600 (-, ]
1— ¢? I—02) ' | ¢ +20,¢7 + ¢, 07+ (1— ),
1420, ¢, + 67 B 1420, ¢, + 62
1— ¢

2
Oc

2
0.

_ b "‘261(/512 +¢1612 + 6 _91¢12 _ ¢, +91¢12 +¢1612 + 6
1+260,¢ + 6} 1+260,¢ + 6}

— ¢1 +91¢12+¢1012+91 _ ¢1(1+91¢1)+¢1912+01 _ ¢1(1+91¢1>+01(¢191 +]‘>

1+20,¢, + 07 1420, ¢, + 07 1420, ¢, + 07

(6 +6,)0+6,¢)

1+20,¢, + 07

TR Iy _ .
pj:_j:—jlz(blpj_l: - L= 1]1:01 Vj>2

Yo Yo Yo

That's it!



For ARMA(p.q)

We can write a finite order ARMA(p,q) process such that

Y =0 Y oy o+t qﬁpytfp +e +o0e  +be o+ + +0q6
Or

Y =Yg — Pl g = — ¢pyt—p =¢ +be  +be ,+... + +0q8t—q

t—q

We can also write the same ARMA(p,q) in the following polynomial representation

Where ¥ =1=& L =61 ==& I g ynere 02) = 1+ 0, L + 0,7 +... 40,

Stationary process
For an ARMA(p,q) process to be stationary (so that we can rewrite it as a pure MA(?) representation), all the

roots of the characteristic polynomial ¢(z) =1— ¢,z — ¢, o — gbpzp = 0 corresponding to the AR part
must lie outside the unit circle.
This means that for complex roots of the form C = A+ Bi where i = ¥ —1 , all the roots z, must be such that

JA +B? >1.

For real roots, that simply means that /A” +0 =|A| > 1 which is simply the restriction that ‘zi ‘ > 1

Invertible process
For an ARMA(p,q) process to be invertible (so that we can rewrite it as a pure AR(?) representation), all the

roots of the characteristic polynomial 6(z) =140,z + 0, 2 4.+ 0, 2% = 0 corresponding to the MA part
must lie outside the unit circle.
This means that for complex roots of the form C = A+ Bi where i = v —1 , all the roots z, must be such that

JA +B? >1.

For real roots, that simply means that /A* +0 =|A| > 1 which is simply the restriction that

> 1
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