Trouvez les ACF et les PACF pour le processus AR(2) suivant: y, =@y, , +#,y, ,+€ avec & ~iid(0,0))
Draft 1.0

First to obtain the ¥, = var(y, )

we need to use the following formula :

%o =var(y,) = E(y,y,) = E(,)E(y,) = E(y))~ E(y,)E(Y,)

If the process is stationary
E(yt ) = ¢1 E(yt—l)+¢2 E(yt—2)+E(gr)
—_— — — T

Hy Hy Hy

So

uy=pu,+ou,+0 = u—gu,—-ou,=0 = u =0/(1-¢-¢,)=0

Since there is no constant in this model, the mean of the process is 0. Also notice that if this process is
stationary it admits an MA(?) representation with no constant, and in that case E(y, )= E(MA(?))=0

Thus
7/0 = Var()’, ) = E(yt yr )—E()’, )E(y, ) = E(yt yr )

0 0
To calculate y, =var(y, )=E(y, y,)
Let us take the process y, =@y, , +®,y,_, + & and pre-multiply it by y, and then take the expectation
ytyr = ¢1y,y,,1 +¢2yry172 + ytgr

Taking the expectation
;/O = Var(yr ) = E(ytyr ) = ¢1E(yryr71)+¢2E(ytyr72)+E(yrgt)

Now using the definition
7/0 = Var(yt ) = E()’,)’, ) = ¢1 E(y[yr—1)+¢2 E(y;y;_2)+E()’,8,)

71 &)
E(ye)=E(Qy,  +dy ,+E)E]1=0 Ely, €1+, Ely, ,€ 1+ E[€€]1= O-sz

£

E[y,_£1=0 because € ~iid(0,0.) and it is therefore uncorrelated with the passed value y,_,

E[y,_,£1=0 because € ~iid(0,0.) and it is therefore uncorrelated with the passed value y,_,

So
Yo =var(y, ) =E,y, )=V, +07, +O_£2 =07 +0,7, _+_G£2
Since the autocovariances are symmetric y =7,

Now for the % =cov(y,,y,) = E(y,y.,) = E(y.,y,)
Let us pre-multiply y, by y,_,and then take the expectation

VY =V @y + 0, L+ E)=0Y Y+ 0 Y T VLE



Yo =cov(y,, Y, )=EQ_ ) =E@y Yty Y2+ Y E]

=@ Ely, Y1+ 0, Ely, Y, L1+ Ely E1=0Y, + 0,7, =0V, + O N
—_—

I 74 0

So N=QVa+OV, =0V +0.7. =0, + IV

2

Now for the 7, =cov(y,,y,,) = E(3,5,,) = E(¥,,5,)
Let us pre-multiply y, by y, ,and then take the expectation

VooV =@y + By HE) =BV LY B Yy, T YLE,
Yo =CoV(Y, ¥, ) =E(Y, 1y, )= E[@Y, 1,01+, 0Y0 + Vi0E ]

=@ Ely, .y, 1+ Ely, .y, 1+ ELy, ,E1=0% + 9.7,
%/_/

4 % 0

replacing %, =f§1i into the above expression we get:

2

V=00t 0V =0V + 0,7, :¢1£1¢l}; j+¢270 :Eﬁ—ﬁj"‘@%

Continuing to y; for j=3,4,... one can see that there is a recurrence which turns out to be
7 =¢17j71 +¢27/j72 Vi=12,3,..
To sum up all auto-covariances are given by

o= ¢17—1 +¢27—2 + 0_82
" =07 +¢271—2 = ¢17o +oy, = ¢170 +¢271

_ _ [ &% [ #n
7/2 _¢1}/1 +¢2}/0 _¢1(1_¢2]+¢270 _[1_¢2

Y :¢)1;/j_1 +¢)2}/j_2 for j=3,...

oo

This is a system of equations

We could write this system compactly as a system of 3=p+1 equations (for AR(p) where p=2)
Yo =00 +0.7, +O_€2
V=00 o7



V=07 9%

And with this we could solve for ¥,,7,,7, given the parameters of the process ¢, ,9, .

This is all that is needed to get the rest of the ¥, for j=3,4,... because recursively ¥, =47, +9,7,,

To obtain the ACF, the autocorrelation function we need to calculate p, _4 Vj
%
p :&:Q% +¢272+6§ :1
"% Sntento;
27
¢17/0+¢2(
W _S%+ey, _ 8% +on 1-9 ¢
:01:7;: 107/02 1 _ 1070¢21:¢1p0+¢2pl: m 2 :¢1+¢2 1_1¢2 :¢170+¢27/1:¢17/0+¢27_1
2
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=@QpP, . t¢p,, for j=3,.. Usingthefactthat y, =4y, +@,7,, for j=3,...

So the look of the ACF for an AR(2) will decay in some steady fashion (which might be sinusoidal). The
autocorrelations eventually die out geometrically.

Bingo!!!
This is a system of equations referred to as the Yule-Walker equations (or Luke Skywalker equations)

We could write this system compactly as a system of 3=p+1 equations (for AR(p) where p=2)
Py =1

P =0P, + 0.0 =0+ PP

P =8P + 0,0, =P + 0,

This is all that is needed to get the rest of the p; for j=3,4,... because recursively p, =@p, ,+9,0,,

Using the equations for p, , p, we can write the system of 2 unknown and 2 equations

{A} :{1 pﬂ {Q} o p-PO
P 2 1 P 1 1 2x2 ¢2 2x1
p p @

So the solution would be @ =P~'p if P is definite positive.

So with this we can solve for the parameters of the process ¢, ,¢, given p,,p,.



Now for the PACF, the partial autocorrelation function

4
P, =8P, 0P+ HPp,_, =D ¢p,, forallj>0
We have that =

We also defined the partial autocorrelation of order j, denoted ¢,

j
By the following regression equation y, =@y, +@,,y,_, +-.+8,5,_;+& =2 0,y +&,
h=1

Remember that we can solve the system given by the Yule-Walker equations

J
P, =8P 0P+ +Pp,_, =D dp,, forallj=1,23,..J

h=1

Supposing each time that the process is of order j=p, we could write using the definition of ¢jj = ¢j when j=p

J
P =GP+ PP+t P, =D 0,p,, forallj=123,..J
h=1

Which gives us the different ¢)jj when h=j for all j=1,2,3,...,J

Let us write the system in extensive form, to see more clearly what’s going on for a AR(2) process.

Supposing that the process is such that p=1, we would get

P =8Py =P
P =8Py =9,
So ¢11 =P

For an AR(2) supposing that p=2
P =Pt 0, =00, +00_, =P, + &0, andsupposing that the process is such that p=2, we would get
P =000 t 0Py =P+ PP (1)

P, =4p, +0,0, =0p, +0,0, and supposing that the process is such that p=2, we would get
Py =0y P + 0y (2)

Solving for ¢, and ¢,, we will use equation (1) and (2)
From (2) we can write

0, = P, =0

P
Substituting this into (1)

Weget p, =@, +9,,0, = [Mj + 0,0,

1

Now solving for ¢@,, by multiply in the above expression by p,
Pl =0, =0y + 0,00 = p, + (0] —1)o,,



1012 —P, = (,012 _1)¢22
b = Pi=Pr_ PP
22 ,012 _1 1—,012

And we could go on forever for all ¢,
But it turns out that for all @, where j>2 for an AR(2) we have that ¢, =0 by pure logic, since the parameters

¢, =0 Vj=3,4,.. thatis for Vj>p=2

Notice that the PACF cuts after 2



